Introduction
In this note, we study Riemannian manifolds (M, g) with the property that Ric = ρ g for some constant ρ. A Riemannian manifold with this property is called an Einstein manifold. Einstein manifolds arise naturally as critical points of the normalized Einstein-Hilbert action, and have been studied intensively (see e.g. [2] ). In particular, it is of interest to classify all Einstein manifolds satisfying a suitable curvature condition. This problem was studied by M. Berger [1] . In 1974, S. Tachibana [9] obtained the following important result: In a recent paper [3] , we proved a substantial generalization of Tachibana's theorem. More precisely, it was shown in [3] that the assumption that (M, g) has positive curvature operator can be replaced by the weaker condition that (M, g) has positive isotropic curvature:
shall denote by C B (R n ) the space of algebraic curvature tensors on R n . Furthermore, for each R ∈ C B (R n ), we define an algebraic curvature tensor
The term Q(R) arises naturally in the evolution equation of the curvature tensor under the Ricci flow (cf. [6] ). The ordinary differential equation
will be referred to as the Hamilton ODE.
We next consider a cone C ⊂ C B (R n ) with the following properties:
, then the scalar curvature of R is nonnegative and the Ricci tensor of R is non-zero.
(iv) The curvature tensor I i jkl = δ ik δ jl − δ il δ jk lies in the interior of C. We now state the main result of this note:
cone which satisfies the conditions (i)-(iv) above, and let (M, g) be a compact Einstein manifold of dimension n. Moreover, suppose that the curvature tensor of (M, g) lies in the interior of the cone C for all points p ∈ M. Then (M, g) has constant sectional curvature.
As an example, let us consider the cone
For this choice of C, the conditions (i) and (iv) are trivially satisfied. Moreover, it follows from a result of M. Micallef and M. Wang (see [7] , Proposition 2.5) that C satisfies condition (iii) above. Finally, the cone C also satisfies the condition (ii). This was proved independently in [5] and [8] . Therefore, Theorem 2 may be viewed as a subcase of Theorem 3.
Proof of Theorem 3
The proof of Theorem 3 is similar to the proof of Theorem 16 in [3] . Let (M, g) be a compact Einstein manifold of dimension n with the property that the curvature tensor of (M, g) lies in the interior of C for all points p ∈ M. If (M, g) is Ricci flat, then the curvature tensor of (M, g) vanishes identically. Hence, it suffices to consider the case that (M, g) has positive Einstein constant. After rescaling the metric if necessary, we may assume that Ric = (n − 1) g. As in [3] , we define an algebraic curvature tensor S by
where κ is a positive constant. Let κ be the largest real number with the property that S lies in the cone C for all points p ∈ M. Since the curvature tensor R lies in the interior of the cone C for all points p ∈ M, we conclude that κ > 0. On the other hand, the curvature tensor S has nonnegative scalar curvature. From this, we deduce that κ ≤ 1.
Proposition 1. The tensor S satisfies
where
Proof. The curvature tensor of (M, g) satisfies
(see [3] , Proposition 3). Using (1), we compute
Since Ric = (n − 1) g, it follows that
Combining (2) and (3), we obtain
Since R = S + κI, the assertion follows. ⊓ ⊔
In the following, we denote by T S C the tangent cone to C at S.
Proposition 2. At each point p ∈ M, we have ∆ S ∈ T S C and Q(S) ∈ T S C.
Proof. It follows from the definition of κ that S lies in the cone C for all points p ∈ M. Hence, the maximum principle implies that ∆ S ∈ T S C. Moreover, since the cone C is invariant under the Hamilton ODE, we have Q(S) ∈ T S C. ⊓ ⊔ Proposition 3. Suppose that κ < 1. Then S lies in the interior of the cone C for all points p ∈ M.
Proof. Let us fix a point p ∈ M. By Proposition 2, we have ∆ S ∈ T S C and Q(S) ∈ T S C. Furthermore, we have −S ∈ T S C since C is a cone. Putting these facts together, we obtain
Using Proposition 1, we conclude that
Since 0 < κ < 1, it follows that −2I ∈ T S C. On the other hand, I lies in the interior of the tangent cone T S C. Hence, the sum −2I + I = −I lies in the interior of the tangent cone T S C. By Proposition 5.4 in [4] , there exists a real number ε > 0 such that S − εI ∈ C. Therefore, S lies in the interior of the cone C, as claimed. ⊓ ⊔ Proposition 4. The algebraic curvature tensor S defined in (1) vanishes identically.
Proof. By definition of κ, there exists a point p 0 ∈ M such that S ∈ ∂C at p 0 . Hence, it follows from Proposition 3 that κ = 1. Consequently, the Ricci tensor of S vanishes identically. Since S ∈ C for all points p ∈ M, we conclude that S vanishes identically.
⊓ ⊔
Since S vanishes identically, the manifold (M, g) has constant sectional curvature. This completes the proof of Theorem 3.
